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THE FUNDAMENTAL LEPAGE FORM
IN VARIATIONAL THEORY FOR SUBMANIFOLDS
ZBYNĚK URBAN AND JÁN BRAJERČÍK
Abstract. A setting for global variational geometry on Grassmann fibra-
tions is presented. The integral variational functionals for finite dimensional
immersed submanifolds are studied by means of the fundamental Lepage equiv-
alent of a homogeneous Lagrangian, which can be regarded as a generalization
of the well-known Hilbert form in the classical mechanics. Prolongations of
immersions, diffeomorphisms and vector fields to the Grassmann fibrations are
introduced as geometric tools for the variations of immersions. The first infin-
itesimal variation formula together with its consequences, the Euler–Lagrange
equations for extremal submanifolds and the Noether theorem for invariant
variational functionals are proved. The theory is illustrated on the variational
functional for minimal submanifolds.
1. Introduction
The subject of this paper is the theory of variational functionals for submanifolds,
where extremals become submanifolds of Euclidean spaces or general finite dimen-
sional smooth manifolds. Thus, the variational variables will be rather sets than
mappings between manifolds. This theory requires adequate underlying geometric
structures, the quotient topological spaces the higher-order Grassmann fibrations.
Following the pioneering work by Dedecker [6], the theory has been studied by
different authors (cf. Crampin and Saunders [4], Manno and Vitolo [18], Grigore
[9]), who employed different geometric structures and variational objects defined on
them. The variational theory for one-dimensional immersed submanifolds (fibered
mechanics), including the Noether-type invariance theory, was also studied by Ur-
ban and Krupka [21, 22, 23] with a direct use of Grassmann fibrations as the
underlying spaces.
Our main aim is to develop foundations of multiple-integral variational function-
als for submanifolds, defined by differential forms with specific properties – Lepage
forms. Roughly speaking, Lepage forms represent a far-going generalization of the
well-known Cartan form from the calculus of variations of simple integral problems
and classical mechanics. Replacing the initial Lagrangian by its Lepage equivalent,
one obtains the same variational functional, but additionaly the geometric and vari-
ational properties of the functional are described by geometric operations acting on
the corresponding Lepage equivalent. For a review of basic properties and results
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of the theory of Lepage forms in the calculus of variations, see Krupka, Krupková,
and Saunders [17].
We introduce the concept of a Lepage form for differential forms on manifolds
of regular velocities (jets of immersions) with the help of the canonical embedding
into fibered velocity spaces. It appears that these forms can be canonically pro-
jected onto the Grassmann fibrations, hence we obtain crucial objects for studying
variational properties (namely variations, extremals, and invariance properties) of
the integral functionals. To this purpose we utilize the concept of the fundamental
Lepage equivalent of a Lagrangian, introduced by Krupka [12] on first-order jet pro-
longation of a fibered manifold over an n-dimensional base. This particular Lepage
equivalent is also characterized by the following important property: it is closed if
and only if the corresponding Lagrangian is trivial (i.e. the Euler–Lagrange expres-
sions vanish identically). This fact can also be profitably applied in formulation of
first-order local variational principles (cf. Brajerčík and Krupka [2]). In such situ-
ation, a global Lagrangian for the variational functional need not be defined. The
problem how to reconstruct the variational functional from the local data occurs in
many physical theories (see Giachetta, Mangiarotti, and Sardanashvily [8]).
In Section 2, we briefly summarize basic concepts of Lepage forms in first-order
variational field theory on fibered manifolds, including a description of the well-
known examples of Lepage equivalents, namely the Poincaré–Cartan form, the fun-
damental Lepage form, and the Carathéodory form (cf. Carathéodory [3]). Section
3 contains the geometric structure of manifolds of velocities and Grassmann fibra-
tions, adapted to our setting. A particular attention is devoted to the Grassmann
prolongations of diffeomorphisms and vector fields, used later on within the cal-
culus of variations. In Section 4, we study the fundamental Lepage equivalent of
a positive-homogeneous Lagrangian, in particular, we derive its local structure and
prove that this differential n-form is defined on the Grassmann fibration. Neces-
sary and sufficient conditions for a function on manifold of regular velocities to
be positive homogeneous (the Zermelo conditions, see e.g. McKiernan [19], Urban
and Krupka [24]) are applied. In this sense, we follow the idea of Krupka [15],
who studied the unique Lepage equivalent of an r-th order Lagrangian in fibered
mechanics (the generalization of the Cartan form) under assumption of a positive-
homogeneous Lagrangian hence obtaining a generalization of the Hilbert form. An
alternative approach was applied by Crampin and Saunders [4], whose starting ob-
ject is the Carathéodory form in first-order field theory for a positive-homogeneous
Lagrangian, resulting into the Hilbert–Carathéodory form, which differs from the
fundamental Lepage equivalent (see Remark 18). These two Lepage equivalents are,
however, very closely related as they both define the minimal submanifold problems
(Section 6).
In Section 5, the first-order variational field theory for submanifolds is devel-
oped. First we study conditions under which a differential n-form on the manifold
of regular n-velocities is a Lepage form (Theorem 19), and observe that horizontal
component of a Lepage form is given by a positive-homogeneous function. This al-
lows us to employ the fundamental Lepage equivalent of a homogeneous Lagrangian
as a basic element of the theory. We derive the infinitesimal first variation formula
and its consequences for extremals and conservation laws in a global sense. Fur-
thermore, we extend the classical invariant variational principles and the Noether
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theory (see e.g. Kossmann-Schwarzbach [11], Krupka [16]) to functionals given by
Lepage forms on the Grassmann fibrations.
The results and methods of this work are illustrated on classical example of the
variational functional for minimal submanifolds (Section 6). In particular, we show
that the fundamental Lepage equivalent and the Hilbert–Carathéodory equivalent
of the minimal submanifold Lagrangian coincide. Then we analyze the invariance
properties of the variational problem of minimal surfaces (n = 2). It turns out in
this example that the "conservation law" equations are completely equivalent with
the Euler–Lagrange equations for extremals.
Basic underlying structures, well adapted to this paper, can be found in Grigore
and Krupka [10]. Throughout, we use the standard geometric concepts: the exterior
derivative d, the contraction iΞρ and the Lie derivative ∂Ξρ of a differential form ρ
with respect to a vector field Ξ, and the pull-back operation ∗ acting on differential
forms. If (U,ϕ), ϕ = (xj), is a chart on smooth manifold X , we set
ω0=
1
n!
εj1j2...jndx
j1 ∧ dxj2 ∧ . . . ∧ dxjn ,
ωj= i∂/∂xjω0 =
1
(n− 1)!
εji2...indx
i2 ∧ . . . ∧ dxin ,
where εi1i2...in is the Levi-Civita permutation symbol.
2. Lepage forms in first-order field theory on fibered spaces
In this section we summarize basic ideas and results of first-order Lepage forms
in the global calculus of variations on fibered spaces over n-dimensional manifolds.
A comprehensive higher-order treatment can be found in Krupka [16], and in par-
ticular first-order field theory was studied by Volná and Urban [25].
Throughout, we denote by Y a fibered manifold of dimension n +M over an
n-dimensional base X with projection pi : Y → X the surjective submersion. J1Y
(resp. J2Y ) denotes the first (resp. second) jet prolongation of Y whose ele-
ments are jets J1xγ (resp. J
2
xγ) of sections γ of pi with source x ∈ X and target
γ(x) ∈ Y . The canonical jet projections pi1 : J1Y → X and pi1,0 : J1Y → Y
(resp. pi2 : J2Y → X , pi2,0 : J2Y → Y , pi2,1 : J2Y → J1Y ), are defined
by pi1(J1xγ) = x, pi
1,0(J1xγ) = γ(x) (resp. pi
2(J2xγ) = x, pi
2,0(J2xγ) = γ(x),
pi2,1(J2xγ) = J
1
xγ). The jet prolongation J
1γ of a section γ (resp. J2γ), defined
on an open subset of X , is given by J1γ(x) = J1xγ (resp. J
2γ(x) = J2xγ). For an
open subset W of Y we put W 1 = (pi1,0)−1(W ), W 2 = (pi2,0)−1(W ). Let (V, ψ),
ψ = (xj , yK), be a fibered chart on Y , and denote by (V 1, ψ1), ψ1 = (xj , yK , yKl )
(resp. (V 2, ψ2), ψ2 = (xj , yK , yKl , y
K
lk )), the associated fibered chart on J
1Y
(resp. J2Y ), and by (pi(V ), ϕ), ϕ = (xj), the associated chart on X , where
yKl (J
1
xγ) = Dl(y
Kγϕ−1)(ϕ(x)), yKlk (J
2
xγ) = DlDk(y
Kγϕ−1)(ϕ(x)), and 1 ≤ j ≤ n,
1 ≤ K ≤ M , 1 ≤ l ≤ k ≤ n. A tangent vector ξ at a point y ∈ Y is said to be pi-
vertical, if Tpi · ξ = 0, and a differential form ρ on Y is said to be pi-horizontal, if for
every point y ∈ Y the contraction iξρ(y) vanishes whenever ξ ∈ TyY is a pi-vertical
vector. The concepts of pi1-, pi2-, pi1,0-, and pi2,0-horizontal forms are introduced
analogously. A vector field Ξ on Y is called pi-projectable, if there exists a vector
field ξ on X such that Tpi · Ξ = ξ ◦ pi. In a fibered chart (V, ψ), ψ = (xj , yK), a pi-
projectable vector field Ξ has an expression Ξ = ξj(∂/∂xj) + ΞK(∂/∂yK), where
ξj = ξj(xl), ΞK = ΞK(xl, yLk ).
THE FUNDAMENTAL LEPAGE FORM IN VARIATIONAL THEORY 4
Let q ≥ 1 be an integer. For any open set W ⊂ Y , we denote by Ω1qW (resp.
Ω2qW ) the Ω
1
0W -module (resp. Ω
2
0W -module) of smooth differential q-forms defined
on W 1 (resp. W 2), where Ω10W (resp. Ω
2
0W ) is the ring of smooth functions
on W 1 (resp. W 2). Clearly, pi1-horizontal (resp. pi1,0-horizontal) q-forms on W 1
constitute submodule of the Ω10W -module Ω
1
qW , denoted by Ω
1
q,XW (resp. Ω
1
q,YW );
the modules of pi2-horizontal (resp. pi2,0-horizontal) q-forms on W 2 are denoted by
Ω2q,XW (resp. Ω
2
q,YW ). A morphism of exterior algebras Ω
1
qW ∋ ρ→ hρ ∈ Ω
2
q,XW ,
defined with respect to any fibered chart (V, ψ), ψ = (xi, yK), by the identities,
hf = f ◦ pi2,1, hdxi = dxi, hdyK = yKk dx
k, hdyKj = y
K
jkdx
k,
where f : V 1 → R is a differentiable function, is called the pi-horizontalization. In
particular, hdf = (dif)dx
i, where dif = ∂f/∂x
i + (∂f/∂yK)yKi + (∂f/∂y
K
j )y
K
ji is
the i-th formal derivative operator associated to (V, ψ). Note that for any section γ
of Y , we have J1γ∗ρ = J2γ∗hρ. A differential q-form ρ ∈ Ω1qW is said to be contact,
if J1γ∗ρ = 0 for all sections γ of Y defined on an open subset of X with values in
W ; this condition is equivalent to hρ = 0. If (V, ψ), ψ = (xi, yK), is a fibered chart
on Y , then the forms dxi, ωK , dyKj , where
(2.1) ωK = dyK − yKl dx
l,
constitute a basis of linear forms on V 1. For 2 ≤ q ≤ n, any contact q-form on
W 1 is locally generated by the contact forms ωK and dωK (cf. Krupka [16]). Any
differential q-form ρ ∈ Ω1qW has a unique invariant decomposition
(pi2,1)∗ρ = hρ+
q∑
k=1
pkρ,
where pkρ is the k-contact component of ρ, containing exactly k exterior factors ω
K
in any fibered chart (V, ψ).
Any element λ ∈ Ω1n,XW , i.e. a pi
1-horizontal n-form on the open setW 1 ⊂ J1Y ,
is called a Lagrangian for Y of order 1. In a fibered chart (V, ψ), ψ = (xi, yK),
where V ⊂W , λ is expressed by
λ = L ω0,
where ω0 = dx
1 ∧ dx2 ∧ . . .∧ dxn is the (local) volume element and L : V 1 → R is
the Lagrange function, associated to λ.
In accordance with the general theory of Lepage forms (cf. Krupka [13]), we
say that an n-form Θλ ∈ Ω
1
nW is a Lepage equivalent of λ on W
1 ⊂ J1Y , if the
following two conditions are satisfied:
(a) hΘλ = (pi
2,1)∗λ (i.e. Θλ is equivalent with λ), and
(b) hiξdΘλ = 0 for arbitrary pi
1,0-vertical vector field ξ onW 1 (i.e. Θλ is a Lepage
form).
The following two theorems describe the structure of Lepage forms and Lepage
equivalents of a Lagrangian (see Krupka [13, 16]).
Theorem 1. An n-form ρ ∈ Ω1nW is a Lepage form if and only if for any fibered
chart (V, ψ), ψ = (xi, yK), on Y , where V ⊂W ,
(2.2) (pi2,1)∗ρ = Θ+ dµ+ η,
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where the principal component Θ is expressed as
Θ = f0ω0 +
(
∂f0
∂yKj
− dp
∂f0
∂yKpj
)
ωK ∧ ωj +
∂f0
∂yKij
ωKi ∧ ωj,
f0 is a differentiable function on V
2 ⊂ J2Y , given by hρ = f0ω0, µ is a contact
(n− 1)-form, and an n-form η has the order of contactness ≥ 2.
Corollary 2. Let λ ∈ Ω1nW be a Lagrangian of order 1, expressed by λ = Lω0.
A Lepage form ρ ∈ Ω1nW is a Lepage equivalent of λ if and only if the principal
component Θ of ρ is defined on W 1 and has an expression
(2.3) Θ = Lω0 +
∂L
∂yKj
ωK ∧ ωj.
Theorem 3. Let ρ ∈ Ω1nW be a Lepage form expressed by (2.2). Then
(pi2,1)∗dρ = E + F,
where E is a 1-contact, pi2,0-horizontal (n+ 1)-form, which has a chart expression
E =
(
∂f0
∂yK
− dj
∂f0
∂yKj
)
ωK ∧ ω0,
with hρ = f0ω0, and a form F has the order of contactness ≥ 2.
In the class of Lepage equivalents of any first-order Lagrangian we have
a possibility to determine a unique Lepage equivalent by means of additional re-
quirements. Let λ ∈ Ω1n,XW be a Lagrangian, λ = L ω0 with respect to a fibered
chart (V, ψ), ψ = (xi, yK), on Y . The following theorems describe some well-known
examples.
Theorem 4. (Poincaré-Cartan equivalent) There exists a unique Lepage equiv-
alent Θλ ∈ Ω
1
n,YW of λ such that the order of contactness of Θλ is ≤ 1. Θλ has
a local expression (2.3) with respect to a fibered chart (V, ψ).
Theorem 5. (Fundamental Lepage equivalent) The differential n-form Zλ ∈
Ω1nW , given in a chart (V, ψ) by the expression
Zλ = Lω0 +
n∑
k=1
1
(n− k)!
1
(k!)2
∂kL
∂yK1j1 ∂y
K2
j2
. . . ∂yKkjk
εj1j2...jkik+1ik+2...in(2.4)
· ωK1 ∧ ωK2 ∧ . . . ∧ ωKk ∧ dxik+1 ∧ dxik+2 ∧ . . . ∧ dxin ,
is a Lepage equivalent of the first-order Lagrangian λ.
Remark 6. The crucial property of the fundamental Lepage equivalent is charac-
terized by two equivalent conditions: (i) Zλ is closed, (ii) λ is trivial (i.e. the
Euler–Lagrange expressions associated with λ vanish identically). Moreover, if
ρ ∈ Ω0nW , then Zhρ = (pi
1,0)∗ρ. This equivalent was discovered by Krupka [12] (see
also Betounes [1]). Attempts to generalize the fundamental Lepage equivalent to
higher-order spaces appeared for dimension n = 2 only, cf. Saunders and Crampin
[20].
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Theorem 7. (Carathéodory equivalent) Let λ ∈ Ω1n,XW be a non-vanishing
first-order Lagrangian. Then the differential n-form Λλ ∈ Ω
1
nW , given in a chart
(V, ψ) by the expression
Λλ = L
(
dx1 +
1
L
∂L
∂yσ11
ωσ1
)
∧
(
dx2 +
1
L
∂L
∂yσ22
ωσ2
)
(2.5)
∧ . . . ∧
(
dxn +
1
L
∂L
∂yσnn
ωσn
)
,
is a Lepage equivalent of λ.
Remark 8. The n-form Λλ (2.5) is called the Carathéodory form. It can be shown
that Λλ is invariant with respect to all coordinate transformations on Y (see
Carathéodory [3], Dedecker [6]).
The next lemma is needed for further proofs.
Lemma 9. Suppose a q-form ρ ∈ Ω1qW has a chart expression
ρ =
q∑
k=0
1
k!(q − k)!
BK1...Kkik+1...iqω
K1 ∧ . . . ∧ ωKk ∧ dxik+1 ∧ . . . ∧ dxiq
with the coefficients skew-symmetric in all indices K1, . . . , Kk, and in all indices
ik+1, . . . , iq. Then
(2.6) ρ =
q∑
k=0
1
k!(q − k)!
AK1...Kkik+1...iqdy
K1 ∧ . . . ∧ dyKk ∧ dxik+1 ∧ . . . ∧ dxiq ,
where
AK1...Kkik+1...iq =
q∑
l=k
(−1)l−k
(
q−k
q−l
)
BK1...Klil+1...iqy
Kk+1
ik+1
. . . yKlil(2.7)
Alt(ik+1, . . . , iq).
Proof. If a q-form ρ ∈ Ω1q,YW has a chart expression (2.6), then the contact com-
ponents pkρ of ρ, where 0 ≤ k ≤ q, are given by
pkρ =
1
k!(q − k)!
BK1...Kkik+1...iqω
K1 ∧ . . . ∧ ωKk ∧ dxik+1 ∧ . . . ∧ dxiq ,
where
BK1...Kkik+1...iq =
q∑
l=k
(
q−k
q−l
)
AK1...Klil+1...iqy
Kk+1
ik+1
. . . yKlil Alt(ik+1, . . . , iq)(2.8)
(a proof can be found in Krupka [16] for differential forms on arbitrary finite-order
jet prolongation of a fibered manifold). The identities (2.8) for all k, 0 ≤ k ≤ q,
constitute, however, a system of multi-linear equations which can be directly solved
with respect to the coefficients AK1...Kkik+1...iq . To obtain expressions (2.7), one
can proceed by induction with respect to degree k of contactness of ρ.
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3. First-order velocities and Grassmann fibrations
From now on, the concepts and results of Section 2 will be employed for the case
of a fibered manifold Y = Rn × Q, where Q is a smooth manifold of dimension
M = n + m for positive integers n, m. The Cartesian coordinates of Rn are
denoted by xi, 1 ≤ i ≤ n, and the canonical volume element of Rn is denoted by
ω0 = dx
1 ∧ dx2 ∧ . . . ∧ dxn.
Denote by T 1nQ the manifold of n-velocities of order 1 over Q. Elements of T
1
nQ
are 1-jets J10 ζ ∈ J
1
(0,y)(R
n, Q) with origin 0 ∈ Rn and target y = ζ(0) ∈ Q. The
canonical projection τ1,0n : T
1
nQ→ Q is defined by τ
1,0
n (J
1
0 ζ) = ζ(0). In the standard
sense, T 1nQ is endowed with the canonical smooth manifold structure: for any chart
(V, ψ), ψ = (yK), 1 ≤ K ≤ m + n, on Q, the pair (V 1n , ψ
1
n), ψ
1
n = (y
K , yKj ), is
a chart on T 1nQ, where V
1
n = (τ
1,0
n )
−1(V ), yKj (J
1
0 ζ) = Dj(y
Kζ)(0), 1 ≤ j ≤ n, and
dimT 1nQ = (n+m)(n+1). Recall that there is a canonical identification of the jet
space J1(Rn ×Q) and the product Rn × T 1nQ,
(3.1) φ : J1(Rn ×Q)→ Rn × T 1nQ,
defined by φ(J1xγ) = (x, J
1
0 (γ0 ◦ tr−x)), where γ0 is the principal part of γ, and
trα : R
n → Rn, trα(x) = x− α, is the translation of the Euclidean space R
n.
Suppose ζ : U → Q be a differentiable mapping defined on an open set U ⊂ Rn.
The 1-jet prolongation of ζ is the mapping
(3.2) U ∋ x→ (T 1nζ)(x) = J
1
0 (ζ ◦ tr−x) ∈ T
1
nQ.
Note that for any diffeomorphism µ : U¯ → U of open subsets of Rn, the prolonga-
tion T 1nζ of ζ satisfies
(3.3) T 1n(ζ ◦ µ)(z) = T
1
n(ζ)(µ(z)) ◦ µ
1(z),
where µ1(z) = J10 (trµ(z) ◦µ◦ tr−z). Indeed, by the definition of T
1
nζ, T
1
n(ζ ◦µ)(z) =
J10 (ζ ◦ µ ◦ tr−z) = J
1
0 (ζ ◦ tr−µ(z)) ◦ J
1
0 (trµ(z) ◦ µ ◦ tr−z) = T
1
n(ζ)(µ(z)) ◦ µ
1(z). The
identity (3.3) is used to prove the forthcoming Theorem 13.
We restrict our attention to mappings which are immersions (i.e. their tangent
mappings are injective). J10 ζ ∈ T
1
nQ is called regular, if every representative of
J10 ζ is an immersion at 0 ∈ R
n. The set Imm T 1nQ of regular velocities form an
open subset of T 1nQ, and with the open submanifold structure ImmT
1
nQ is called
the manifold of regular n-velocities of order 1 over Q. Restricting the coordinates
ψ1n = (y
K , yKj ), we get the canonical charts on ImmT
1
nQ, induced by the canonical
atlas of T 1nQ.
The manifold of regular velocities ImmT 1nQ is also endowed with another smooth
structures. We denote by (i) = (i1, i2, . . . , in) an increasing n-subsequence of the
sequence (1, 2, . . . ,m+ n), and by (σ) the complementary increasing subsequence.
From the definition of an immersion it follows that for every regular velocity J10 ζ ∈
V 1n there exists an n-subsequence (i) of (1, 2, . . . ,m + n) such that det y
i
j(J
1
0 ζ) =
det (Dj(y
iζ)(0)) 6= 0, i ∈ (i), 1 ≤ j ≤ n. We set
(3.4) V 1(i)n = {J
1
0 ζ ∈ V
1
n | det (Dj(y
iζ)(0)) 6= 0},
for every n-subsequence (i) of (1, 2, . . . ,m + n), where (V 1n , ψ
1
n) is a chart on
ImmT 1nQ associated with (V, ψ). Clearly, V
1(i)
n is an open subset of V 1n , and
V 1n is covered by the sets V
1(i)
n , where (i) runs through all n-subsequences of
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(1, 2, . . . ,m+n). The charts (V
1(i)
n , ψ
1(i)
n ), where ψ
1(i)
n denotes the canonical coordi-
nates ψ1n on V
1
n restricted to V
1(i)
n , constitute an atlas on ImmT 1nQ (finer than the
canonical atlas). Another smooth atlas on ImmT 1nQ, which arise from the canoni-
cal charts, is obtained in the following way. To this purpose we introduce a set of
functions zki : V
1(i)
n → R, defined by the formula zki y
i
j = δ
k
j (the Kronecker symbol),
where i ∈ (i), 1 ≤ j, k ≤ n. For every chart (V
1(i)
n , ψ
1(i)
n ), ψ
1(i)
n = (yi, yσ, yij, y
σ
j ), on
ImmT 1nQ we put
(3.5) wi = yi, wσ = yσ, wij = y
i
j , w
σ
i = z
j
i y
σ
j ,
where i ∈ (i), σ ∈ (σ), 1 ≤ j ≤ n. Formula (3.5) defines charts (V
1(i)
n , χ
1(i)
n ),
χ
1(i)
n = (wi, wσ , wij , w
σ
i ), which constitute an atlas on ImmT
1
nQ. Note that the
coordinate functions wσi arise as the derivatives ∆iw
σ of the base coordinates wσ,
where ∆i, i ∈ (i), is the (i)-adapted formal derivative morphism over Q, expressed
by
∆i = z
j
i dj = z
j
i y
K
j
∂
∂yK
= zji y
p
j
∂
∂yp
+ zji y
σ
j
∂
∂yσ
=
∂
∂wi
+ wσi
∂
∂wσ
,(3.6)
(summation runs through 1 ≤ j ≤ n, K ∈ (1, 2, . . . ,m+ n)).
A particular subset of regular n-velocities of order 1 whose both the origin and
the target are at the point 0 ∈ Rn, Imm J1(0,0)(R
n,Rn), coincides with the general
linear group GLn(R), and is endowed with a global chart defined by the coordinate
functions aij : L
1
n → R, a
i
j(J
1
0α) = Djα
i(0), 1 ≤ i, j ≤ n. Note that for an arbitrary
finite r, Lrn = Imm J
r
(0,0)(R
n,Rn) is the r-th differential group of Rn (known from
the theory of differential invariants), and L1n = GLn(R). The canonical right action
of GLn(R) on T
1
nQ is defined by means of the jet composition and reduces onto
ImmT 1nQ,
(3.7) ImmT 1nQ×GLn(R) ∋ (J
1
0 ζ, J
1
0α)→ J
1
0 ζ ◦ J
1
0α = J
1
0 (ζ ◦ α) ∈ ImmT
1
nQ.
It is easy to observe that the coordinates wi, wσ , wσi (3.5) of the chart (V
1(i)
n , χ
1(i)
n )
are GLn(R)-invariant. (V
1(i)
n , χ
1(i)
n ) is called the (i)-subordinate chart to the chart
(V, ψ) on Q, adapted to the canonical group action of GLn(R) on Imm T
1
nQ.
Consider the orbit space with respect to the group action (3.7),
G1nQ = ImmT
1
nQ/GLn(R),
with its quotient topology. Elements of G1nQ are classes of regular velocities with
respect to the equivalence relation “there exists an element J10α ∈ GLn(R) such
that J10 ζ = J
1
0χ ◦ J
1
0α” on ImmT
1
nQ; a class [J
1
0 ζ] ∈ G
1
nQ is also called a contact
element of order 1 on Q, represented by an immersion ζ. The quotient projection
ImmT 1nQ ∋ J
1
0 ζ → [J
1
0 ζ] ∈ G
1
nQ is denoted by κ
1
n : ImmT
1
nQ → G
1
nQ, and the
canonical projection τ1,0n,G : G
1
nQ→ Q is defined by τ
1,0
n,G([J
1
0 ζ]) = ζ(0).
The following theorem characterizes the structure of ImmT 1nQ and G
1
nQ.
Theorem 10. Let Q be Hausdorff.
(a) The canonical action of GLn(R) defines on ImmT
1
nQ the structure of right
principle GLn(R)-bundle with base G
1
nQ and type fibre Imm J
r
(0,0)(R
n,Rm+n).
(b) The orbit space G1nQ has a unique smooth structure such that the canonical
quotient projection κ1n is a submersion.
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(c) The orbit manifold G1nQ has the structure of a fibration with base Q, projec-
tion τ1,0n,G, and type fibre G
1
n,n+m = Imm J
r
(0,0)(R
n,Rm+n)/GLn(R). The dimen-
sion of G1nQ equals dimG
1
nQ = m(n+ 1) + n.
Proof. See Grigore and Krupka [10].
G1nQ together with the smooth and fibration structure described by Theorem
10 is called the Grassmann fibration of order 1 over the manifold Q. A smooth
structure on G1nQ is described as follows. Let (V
1(i)
n , χ
1(i)
n ), χ
1(i)
n = (wi, wσ, wij , w
σ
i ),
be an (i)-subordinate chart on ImmT 1nQ to the chart (V, ψ) on Q. Denote V˜
1(i)
n =
κ1n(V
1(i)
n ), and χ˜
1(i)
n = (w˜i, w˜σ, w˜σi ), where
(3.8) w˜i([J10 ζ]) = w
i(J10 ζ), w˜
σ([J10 ζ]) = w
σ(J10 ζ), w˜
σ
i ([J
1
0 ζ]) = w
σ
i (J
1
0 ζ).
The chart (V˜
1(i)
n , χ˜
1(i)
n ) on G1nQ is the associated chart with (V
1(i)
n , χ
1(i)
n ). Usu-
ally we do not distinguish between coordinates on ImmT 1nQ and G
1
nQ, when no
misunderstanding may arise.
Let ζ : U → Q be an immersion on an open subset U of Rn with values in Q.
Recall that the 1-jet prolongation of ζ, the curve T 1nζ : U → T
1
nQ is defined by
(3.2). An immersion G1nζ : U → G
1
nQ, given by
(3.9) (G1nζ)(x) = [(T
1
nζ)(x)],
is called the Grassmann prolongation of ζ. If µ : U¯ → U is a diffeomorphism of
open subsets of Rn, then the mapping (3.9) satisfies
G1n(ζ ◦ µ) = (G
1
nζ) ◦ µ.
Indeed, using the property (3.3), for any z ∈ U¯ we have
G1n(ζ ◦ µ)(z) = [T
1
n(ζ ◦ µ)(z)] = [T
1
n(ζ)(µ(z)) ◦ µ
1(z)]
= [T 1n(ζ)(µ(z))] = G
1
n(ζ)(µ(z)).
An arbitrary diffeomorphism α : W → Q (onto its image), defined on an open
subset W ⊂ Q, can be prolonged on the Grassmann fibration G1nQ as follows. We
define a diffeomorphism of G1nQ, G
1
nα : W
1 → G1nQ, where W˜
1 = (τ1,0n,G)
−1(W ), by
putting
(3.10) G1nα([J
1
0 ζ]) = [J
1
0 (α ◦ ζ)]
for every J10 ζ ∈ ImmT
1
nQ such that α is composable with ζ. G
1
nα is called the
Grassmann prolongation of α. Note that combining these concepts, the prolonga-
tion of an immersion and the prolongation of a diffeomorphism, it is easy to see
that G1n(α ◦ ζ) = G
1
nα ◦G
1
nζ; for every x ∈ U ,
(3.11) G1n(α ◦ ζ)(x) = [J
1
0 (α ◦ ζ ◦ tr−x)] = G
1
nα([J
1
0 (ζ ◦ tr−x)]) = G
1
nα ◦G
1
nζ(x).
Consider a vector field Ξ defined on W ⊂ Q, and the local one-parameter group
αΞt of Ξ. G
1
nα
Ξ
t is the Grassmann prolongation of α
Ξ
t (3.10). We define
(3.12) G1nΞ([J
1
0 ζ]) =
(
d
dt
G1nα
Ξ
t ([J
1
0 ζ])
)
0
,
for every element [J10 ζ] ∈ W˜
1 ⊂ G1nQ. Formula (3.12) defines a vector field G
1Ξ on
an open subset W 1, called the Grassmann prolongation of vector field Ξ.
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Lemma 11. If a vector field Ξ on W ⊂ Q has an expression
Ξ = ΞK
∂
∂yK
with respect to a chart (V, ψ), ψ = (yK), such that V ⊂ W , then the Grassmann
prolongation G1nΞ is expressed with respect to the (i)-subordinate chart (V˜
1(i)
n , χ˜
1(i)
n )
(3.8) as
G1nΞ = Ξ
i ∂
∂wi
+ Ξσ
∂
∂wσ
+ Ξσi
∂
∂wσi
,
where ΞK = ΞK(wi, wσ), Ξσi = Ξ
σ
i (w
i, wσ, wσi ), and
Ξσi = ∆iΞ
σ − wσp∆iΞ
p.(3.13)
Proof. By the definition of G1nΞ (3.12),
Ξσi ([J
1
0 ζ]) =
(
d
dt
wσi ◦G
1
nα
Ξ
t ([J
1
0 ζ])
)
0
,
where we differentiate the function t → wσi ◦ G
1
nα
Ξ
t ([J
1
0 ζ]) = ∆iw
σ(J10 (α
Ξ
t ◦ ζ)) at
t = 0, where ∆i = z
j
i dj is the (i)-adapted formal derivative morphism (3.6). Using
the chart transformation (3.5), a straightforward calculation at a point J10 ζ now
gives
Ξσi ([J
1
0 ζ]) =
(
d
dt
zji (J
1
0 (α
Ξ
t ◦ ζ))
)
0
djw
σ + zji
(
d
dt
djw
σ(J10 (α
Ξ
t ◦ ζ))
)
0
=
∂zji
∂ypk
(
d
dt
Dk(y
pαΞt ψ
−1 ◦ ψζ))
)
0
yσj + z
j
i
(
d
dt
Dj(y
σαΞt ψ
−1 ◦ ψζ)(0))
)
0
= −zjpz
k
i y
σ
j y
L
k
(
d
dt
DL(y
pαΞt ψ
−1)(ψζ(0))
)
0
+ zji y
L
j
(
d
dt
DL(y
σαΞt ψ
−1)(ψζ(0))
)
0
= −δsiw
σ
p
(
∂Ξp
∂ys
)
ζ(0)
− wνi w
σ
p
(
∂Ξp
∂yν
)
ζ(0)
+ δsi
(
∂Ξσ
∂ys
)
ζ(0)
+ wνi
(
∂Ξσ
∂yν
)
ζ(0)
=
(
∂Ξσ
∂yi
)
ζ(0)
+ wνi
(
∂Ξσ
∂yν
)
ζ(0)
− wσp
(
∂Ξp
∂yi
)
ζ(0)
− wσpw
ν
i
(
∂Ξp
∂yν
)
ζ(0)
= ∆iΞ
σ − wσp∆iΞ
p,
proving (3.13).
Remark 12. Lemma 11 is a modification of the standard concept of a jet prolon-
gation of a projectable vector field, defined on a fibered manifold. If Ξ is a vector
field on T 1nQ (embedded in R
n×T 1nQ), expressed by Ξ = Ξ
K(∂/∂yK), then the jet
prolongation J1Ξ, resp. J2Ξ, of Ξ has the expression
J1Ξ = ΞK
∂
∂yK
+ ΞKj
∂
∂yKj
, resp. J2Ξ = ΞK
∂
∂yK
+ ΞKj
∂
∂yKj
+ ΞKjl
∂
∂yKjl
,
where ΞKj = djΞ
K , ΞKjl = dlΞ
K
j .
A differential form η on W˜ 1 ⊂ G1nQ is called contact, if (G
1
nζ)
∗η = 0 for all
immersions ζ : U → W , defined on an open subset U of Rn. If (V, ψ), ψ = (yK),
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is a chart on Q such that V ⊂ W , and (V˜
1(i)
n , χ˜
1(i)
n ), χ˜
1(i)
n = (wi, wσ, wσi ), is the
(i)-subordinate chart on G1nQ, then the 1-forms dw
i, ω˜σ, dwσi , where
(3.14) ω˜σ = dwσ − wσi dw
i
(sum through i ∈ (i)), constitute a basis of linear forms on V˜
1(i)
n . Differential forms,
which are locally generated by contact 1-forms ω˜σ and 2-forms dω˜σ, constitute
the contact ideal Θ˜1W in the exterior algebra of differential forms on W˜ 1. Using
the definition of charts on G1nQ, and the canonical embedding of ImmT
1
nQ into
J1(Rn ×Q), we note that ω˜σ can be expressed as a linear combination of contact
1-forms ωK = dyK − yKl dx
l (2.1) on J1(Rn ×Q),
(pi2,1)∗ω˜σ = (pi2,1)∗(dyσ − zji y
σ
j dy
i)
= ωσ + yσl dx
l − zji y
σ
j (ω
i + yildx
l) = ωσ − zji y
σ
j ω
i.
4. The fundamental Lepage equivalent of a homogeneous Lagrangian
First we recall the notion of a positive homogeneous function and study its
properties. This is defined as an equivariance with respect to the canonical right
action of the identity component GL+n (R) of the general linear group GLn(R). We
say that a real-valued function F : Imm T 1nQ→ R is positive homogeneous, if
F (J10 ζ ◦ J
1
0α) = det(a
i
j(J
1
0α))F (J
1
0 ζ)
for all J10 ζ ∈ ImmT
1
nQ and all J
1
0α ∈ GL
+
n (R). Note that the elements of GLn(R)
used in this definition are represented by orientation-preserving diffeomorphisms.
Let U be an open subset of Rn, and let ζ : U → Q be an immersion. Any
compact subset S of U associates with a function F : ImmT 1nQ→ R the integral
(4.1) FS(ζ) =
∫
S
(F ◦ T 1nζ)ω0.
The following theorem is a criterion of parameter-invariance of this integral.
Theorem 13. (Euler–Zermelo) Let F : Imm T 1nQ→ R be a differentiable func-
tion. The following conditions are equivalent:
(a) F is positive homogeneous.
(b) The integral (4.1) is parameter-invariant, i.e. if ζ : U → Q is an immersion,
and µ : U¯ → U is a diffeomorphism of open subsets in Rn such that detDµ > 0 on
U¯ , then for any two compact subsets U¯0 ⊂ U¯ , U0 ⊂ U , such that µ(U¯0) = U0, the
integral (4.1) satisfies FU0(ζ) = FU¯0(ζ ◦ µ).
(c) For any chart (V, ψ), ψ = (yK), on Q,
(4.2)
∂F
∂yKj
yKl = δ
j
l F, j, l = 1, 2, . . . , n.
Proof. The proof for n = 1 can be found in Urban and Krupka [24]; for arbitrary
positive integer n the proof proceeds along the same lines.
Remark 14. The identities (4.2) are the well-known Zermelo conditions (cf. McK-
iernan [19]). Differentiating (4.2) with respect to yKj , we obtain the following
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formulas for partial derivatives of a positive homogeneous function F . Namely, for
an integer k ≥ 1 we have
∂kF
∂yK1j1 ∂y
K2
j2
. . . ∂yKkjk
yK1i1 =
∂k−1F
∂yK2j2 ∂y
K3
j3
. . . ∂yKkjk
δj1i1 −
∂k−1F
∂yK2j1 ∂y
K3
j3
. . . ∂yKkjk
δj2i1(4.3)
−
∂k−1F
∂yK2j2 ∂y
K3
j1
∂yK4j4 . . . ∂y
Kk
jk
δj3i1 − . . .−
∂k−1F
∂yK2j2 ∂y
K3
j3
. . . ∂yKkj1
δjki1 .
Remark 15. On the chart neighborhood V
1(i)
n (3.4), the Zermelo conditions (4.2)
for the function F˜ = F ◦ (ψ
1(i)
n )−1 ◦ χ
1(i)
n reads
∂F˜
∂wij
wik = δ
j
kF˜ ,
where summation runs through i ∈ (i). It is easy to see that this equation can be
integrated and its solution is of the form
(4.4) F˜ (wi, wσ , wij , w
σ
i ) = det(w
i
j)F˜G(w
i, wσ , wσi ),
where F˜G is a uniquely given differentiable function on V˜
1(i)
n ⊂ G1nQ. We call F˜G
the Grassmann projection of the (positive homogeneous) function F , associated to
(V˜
1(i)
n , χ˜
1(i)
n ).
Lemma 16. Let F : ImmT 1nQ→ R be a positive homogeneous function. Then for
every integer k, 0 ≤ k ≤ n− 1, and every integer l such that, k < l ≤ n,
∂lF
∂yK1j1 . . . ∂y
Kl
jl
y
Kk+1
ik+1
. . . yKlil εj1...jlil+1...in =
l!
k!
∂kF
∂yK1j1 . . . ∂y
Kk
jk
εj1...jkik+1...in .(4.5)
Proof. Formula (4.5) follows from a direct application of (4.3) in (l− k) steps, and
the skew-symmetry property of the Levi-Civita symbol. Indeed, we have
∂lF
∂yK1j1 . . . y
Kk
jk
y
Kk+1
jk+1
. . . ∂yKljl
y
Kk+1
ik+1
. . . yKlil εj1...jlil+1...in
= l
∂l−1F
∂yK1j1 . . . y
Kk
jk
y
Kk+1
jk+1
. . . ∂y
Kl−1
jl−1
y
Kk+1
ik+1
. . . y
Kl−1
il−1
εj1...jl−1il...in
= l(l− 1)
∂l−2F
∂yK1j1 . . . y
Kk
jk
y
Kk+1
jk+1
. . . ∂y
Kl−2
jl−2
y
Kk+1
ik+1
. . . y
Kl−2
il−2
εj1...jl−2il−1il...in
= . . . = l(l − 1)(l − 2) . . . (k + 2)(k + 1)
∂kF
∂yK1j1 . . . ∂y
Kk
jk
εj1...jkik+1...in ,
as required.
In the following theorem we study the fundamental Lepage equivalent Zλ (2.4)
of a first-order Lagrangian λ ∈ Ω1n,Rn(R
n×Q), λ = L ω0, whose Lagrange function
L , defined on the manifold of regular velocities Imm T 1nQ, is positive-homogeneous.
We derive its local structure and show, in particular, that the resulting n-form is
defined on the Grassmann fibration G1nQ.
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Theorem 17. Let λ ∈ Ω1n,Rn(R
n × Q) be a Lagrangian of order 1, expressed by
λ = L ω0, where L : ImmT
1
nQ → R is the Lagrange function. If L satisfies the
Zermelo condition (4.2), then the fundamental Lepage equivalent (2.4) is defined
on the n-Grassmann fibration G1nQ, and has the expression
(4.6) Wλ =
1
(n!)2
∂nL
∂yK1j1 ∂y
K2
j2
. . . ∂yKnjn
εj1j2...jndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn .
Proof. Suppose L satisfies the Zermelo condition (4.2) hence also identities (4.5).
By Lemma 9, the fundamental Lepage equivalent (2.4) can be expressed as
Zλ =
n∑
k=0
1
(n− k)!
1
k!
ZK1...Kkik+1...indy
K1 ∧ . . . ∧ dyKk ∧ dxik+1 ∧ . . . ∧ dxin ,(4.7)
where
ZK1...Kkik+1...in =
n∑
l=k
(−1)l−k
(
n−k
n−l
) 1
l!
∂lL
∂yK1j1 . . . ∂y
Kl
jl
εj1...jlil+1...in(4.8)
· y
Kk+1
ik+1
. . . yKlil Alt(ik+1, . . . , in).
We claim that Zλ coincides with Wλ (4.6). Clearly, the term of Zλ containing the
exterior product dyK1 ∧ . . . ∧ dyKn reads
1
n!
ZK1...Kndy
K1 ∧ . . . ∧ dyKn =
1
n!
(
1
n!
∂nL
∂yK1j1 . . . ∂y
Kn
jn
εj1...jn
)
dyK1 ∧ . . . ∧ dyKn ,
which coincides with (4.6). Let us show that all terms of Zλ (4.7), which contain
exactly k exterior factors dyK vanish whenever 0 ≤ k ≤ n− 1. Indeed, consider the
term of Zλ containing the exterior product dy
K1 ∧ . . . ∧ dyKk for fixed k, 0 ≤ k ≤
n− 1, whose coefficients are given by (4.8). Applying Lemma 16, we obtain
ZK1...Kkik+1...in =
n∑
l=k
(−1)l−k
(
n−k
n−l
) 1
l!
l!
k!
∂kL
∂yK1j1 ∂y
K2
j2
. . . ∂yKkjk
εj1...jkik+1...in
=
1
k!
∂kL
∂yK1j1 ∂y
K2
j2
. . . ∂yKkjk
εj1...jkik+1...in
n∑
l=k
(−1)l−k
(
n−k
n−l
)
= 0,
as required.
It remains to show that Wλ (4.6) is defined on G
1
nQ. This is, however, a con-
sequence of positive homogeneity of the Lagrange function L and properties of
the coordinate transformation ψ
1(i)
n ◦ (χ
1(i)
n )−1. Indeed, expressing the n-form (4.6)
in terms of the GLn(R)-adapted (i)-subordinate chart (V
1(i)
n , χ
1(i)
n ) on ImmT 1nQ,
arbitrary term of Wλ, up to a coefficient, can be written as
∂n−lL˜
∂w
σl+1
il+1
. . . ∂wσkik ∂w
σk+1
ik+1
. . . ∂wσnin
∣∣∣∣∣∣∣∣∣
zj1i1 z
j1
i2
zj1in
zj2i1 z
j2
i2
zj2in
. . .
zjni1 z
jn
i2
zjnin
∣∣∣∣∣∣∣∣∣
wσl+1pl+1 . . . w
σk
pk
δi1p1 . . . δ
il
pl
εj1j2...jndw
p1 ∧ . . . ∧ dwpk ∧ ω˜σk+1 ∧ . . . ∧ ω˜σn ,
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for some integers k, l such that 0 ≤ k ≤ n, 0 ≤ l ≤ k, where L˜ = L ◦ (ψ
1(i)
n )−1 ◦
χ
1(i)
n , and ω˜σ = dwσ − wσi dw
i (3.14) are contact 1-forms on V˜
1(i)
n (cf. Urban and
Krupka [21]). Since the determinant det(zji ), where i ∈ (i), 1 ≤ j ≤ n, does not
depend on the coordinates wσi , we obtain by Remark 15, (4.4), that the function
L˜ det(zji ) coincides with the Grassmann projection L˜G of L . Hence Wλ is defined
on the neighborhood V˜
1(i)
n ⊂ G1nQ for every chart (V, ψ) on Q. This completes the
proof.
Remark 18. (Hilbert-Carathéodory form) Analogously, Crampin and Saunders [4]
studied the Carathéodory form (2.5) for a positive-homogeneous non-vanishing La-
grange function, resulting into the Hilbert-Carathéodory form, expressed by
(4.9) Λλ =
1
n!
1
L n−1
∂L
∂yK1j1
∂L
∂yK2j2
. . .
∂L
∂yKnjn
εj1j2...jndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn .
We point out that Λλ (4.9) is different from the n-formWλ (4.6): a simple example
for n = 2 is the Lagrangian λ = L ω0 with positive-homogeneous function L =
APQy
P
1 y
Q
2 , where functions APQ = APQ(y
K) are skew-symmetric; see also Crampin
and Saunders [5]. On the other hand, these two Lepage equivalents are closely
related as they coincide for the Lagrangian of minimal submanifolds problem (see
Section 6).
5. First-order variational field theory for submanifolds
5.1. Lepage forms on Imm T 1nQ and the Euler–Lagrange form. Based on
the canonical identification of J1(Rn ×Q) and Rn × T 1nQ (see (3.1)), we say that
an n-form ρ on ImmT 1nQ is a Lepage form, if ρ is a Lepage form on J
1(Rn ×Q),
i.e. if hiξdρ = 0 for an arbitrary pi
1,0-vertical vector field ξ on (pi1,0)−1(W ), where
W ⊂ Rn ×Q is an open set, and pi1,0 : J1(Rn ×Q)→ Rn ×Q is the canonical jet
projection.
Restrict ourselves to pi1,0-horizontal n-forms on ImmT 1nQ, expressed in any chart
(V, ψ) on Q by
(5.1) ρ =
1
n!
AK1K2...Kndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn ,
where the coefficients AK1K2...Kn are functions on ImmT
1
nQ. Using the canonical
decomposition formula ρ = hρ+
∑n
k=1 pkρ, we get
(5.2) hρ = L ω0,
where
(5.3) L =
1
n!
AK1...Kny
K1
j1
. . . yKnjn ε
j1...jn
is a function on ImmT 1nQ, and
(5.4) pkρ =
1
k!(n− k)!
BK1...Kkjk+1...jnω
K1 ∧ . . . ∧ ωKk ∧ dxjk+1 ∧ . . . ∧ dxjn ,
where
BK1...Kkjk+1...jn = AK1...Kny
Kk+1
jk+1
. . . yKnjn Alt(jk+1, . . . , jn).
The n-form hρ (5.2) is said to be the Lagrangian, and its component L (5.3) the
Lagrange function, associated to ρ. If ρ is a Lepage form, ρ is also said to be
a Lepage equivalent of the Lagrangian λ = hρ
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Now we give a characterization of Lepage forms on ImmT 1nQ.
Theorem 19. Let (V, ψ) be a chart on Q. Suppose ρ is a pi1,0-horizontal n-form
on Imm T 1nQ, expressed by (5.1). Then ρ is a Lepage form if and only if
∂AK1K2...Kn
∂yPs
yK1j1 y
K2
j2
. . . yKnjn ε
j1j2...jn = 0.(5.5)
Proof. We apply the criterion for Lepage forms on J1(Rn × Q). If ρ is expressed
by (5.1), we get from (5.4), in particular,
p1ρ =
1
1!(n− 1)!
AK1...Kny
K2
j2
. . . yKnjn ω
K1 ∧ dxj2 ∧ . . . ∧ dxjn
=
1
1!(n− 1)!
AKK2...Kny
K2
j2
. . . yKnjn ε
jj2...jnωK ∧ ωj ,
where ωK = dyK−yKj dx
j and ωj = i∂/∂xjω0. By Theorem 1 the form ρ is a Lepage
form, or the Lepage equivalent of hρ = L ω0, where L is given by (5.3), if and only
if the principal component Θ of ρ has the expression
Θ = Lω0 +
∂L
∂yKj
ωK ∧ ωj.
This means, however, that ρ is a Lepage form if and only if
(5.6)
1
1!(n− 1)!
AKK2...Kny
K2
j2
. . . yKnjn ε
jj2...jn =
∂L
∂yKj
.
Differentiating L (5.3), we have
∂L
∂yKj
=
1
n!
∂AK1...Kn
∂yKj
yK1j1 . . . y
Kn
jn
εj1...jn +
1
n!
AK1...Kn
∂
∂yKj
(
yK1j1 . . . y
Kn
jn
)
εj1...jn
=
1
n!
∂AK1...Kn
∂yKj
yK1j1 . . . y
Kn
jn
εj1...jn
+
1
n!
AKK2...Kny
K2
j2
. . . yKnjn ε
jj2...jn +
1
n!
AK1KK3...Kny
K1
j1
yK3j3 . . . y
Kn
jn
εj1jj3...jn
+ . . .+
1
n!
AK1...Kn−1Ky
K1
j1
. . . y
Kn−1
jn−1
εj1...jn−1j
=
1
n!
∂AK1...Kn
∂yKj
yK1j1 . . . y
Kn
jn
εj1...jn +
1
(n− 1)!
AKK2...Kny
K2
j2
. . . yKnjn ε
jj2...jn .
Substituting now this expression on the right-hand side of (5.6), we get the formula
(5.5). This completes the proof.
Corollary 20. If ρ is a Lepage form on Imm T 1nQ, then hρ = Lω0, where the
function L : ImmT 1nQ→ R is positive homogeneous.
Proof. Suppose ρ is expressed by (5.1) with respect to a chart (V, ψ) on Q, hence
L has an expression (5.3). It is easy to verify the Zermelo conditions (4.2). Indeed,
applying the Lepage form criterion (5.5), we have
∂L
∂yKj
yKk =
1
(n− 1)!
AK1K2...Kny
K1
k y
K2
j2
. . . yKnjn ε
jj2...jn .(5.7)
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Since AK1K2...Kn(resp. ε
jj2...jn) are skew-symmetric in subscripts (resp. super-
scripts), we see that the right-hand side of (5.7) vanishes whenever j 6= k. From
(5.7) and (5.3) it follows that
∂L
∂yKj
yKj =
1
(n− 1)!
AK1K2...Kny
K1
j y
K2
j2
. . . yKnjn ε
jj2...jn = nL ,
as required.
Applying Theorem 19 and Corollary 20, we obtain a mapping ρ→Whρ, assigning
to any Lepage form ρ on ImmT 1nQ the Lepage equivalentWhρ of hρ defined on G
1
nQ
by formula (4.6).
Theorem 21. (a) For any Lagrangian λ ∈ Ω1n,Rn(R
n ×Q), Wλ is a Lepage form.
(b) If ρ is a Lepage form on ImmT 1nQ, then the fundamental Lepage equivalent
Whρ of hρ satisfies
(T 1nζ)
∗Whρ = (T
1
nζ)
∗ρ,
for arbitrary immersion ζ : U → Q.
(c) Let ρ be a Lepage form on ImmT 1nQ, expressed by (5.1). Then ρ coincides
with the fundamental Lepage equivalent Whρ of hρ if and only if the components of
ρ satisfy
∂kAK1...Kn−kLn−k+1...Ln
∂y
Kn−k+1
jn−k+1
. . . ∂yKnjn
y
Ln−k+1
jn−k+1
. . . yLnjn = 0,
for every k, 1 ≤ k ≤ n− 1.
Proof. 1. Assertion (a) is a direct consequence of the definition of Wλ. Indeed, one
can also verify the Lepage form condition (5.5) directly for
AK1K2...Kn =
1
n!
∂nL
∂yK1j1 ∂y
K2
j2
. . . ∂yKnjn
εj1j2...jn .
2. Since both ρ andWhρ are Lepage equivalents of the Lagrangian hρ, the assertion
(b) is implied by the definition of Lepage equivalent of a Lagrangian.
However, we prove (b) directly since a proof of assertion (c) is included. Suppose
hρ = L ω0, where L : ImmT
1
nQ → R is the Lagrange function expressed by
(5.3). Applying the fact that ρ is a Lepage form satisfying (5.5), we obtain for any
1 ≤ p ≤ n,
∂pL
∂yK1j1 . . . ∂y
Kp
jp
=
p−1∑
k=0
1
(n− p+ k)!
(
p− 1
k
)
∂kAK1...Kp−kLp−k+1...Ln
∂y
Kp−k+1
jp−k+1
. . . ∂y
Kp
jp
(5.8)
· y
Lp−k+1
sp−k+1 . . . y
Ln
sn ε
j1...jp−ksp−k+1...sn .
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Hence Whρ, given by (4.6), is expressed as
Whρ =
1
(n!)2
∂nL
∂yK1j1 ∂y
K2
j2
. . . ∂yKnjn
εj1j2...jndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn
=
1
(n!)2
(
n−1∑
k=0
1
k!
(
n− 1
k
)
∂kAK1...Kn−kLn−k+1...Ln
∂y
Kn−k+1
jn−k+1
. . . ∂yKnjn
yLn−k+1sn−k+1 . . . y
Ln
sn
)
· εj1...jn−ksn−k+1...snεj1j2...jndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn
(5.9)
=
1
(n!)2
(
n−1∑
k=1
1
k!
(
n− 1
k
)
∂kAK1...Kn−kLn−k+1...Ln
∂y
Kn−k+1
jn−k+1
. . . ∂yKnjn
y
Ln−k+1
jn−k+1
. . . yLnjn (n− k)!k!
+ n!AK1...Kn
)
· dyK1 ∧ dyK2 ∧ . . . ∧ dyKn .
Applying the identities (4.3) into (5.8), and using (5.8) recursively for 1 ≤ p ≤ n,
we derive the condition
(5.10)
∂kAK1...Kn−kLn−k+1...Ln
∂y
Kn−k+1
jn−k+1
. . . ∂y
Kn−1
jn−1
∂yKnjn
yK1i1 . . . y
Kn−k
in−k
y
Kn−k+1
in−k+1
. . . y
Kn−1
in−1
y
Ln−k+1
jn−k+1
. . . yLnjn = 0
for all k, where 1 ≤ k ≤ n − 1. Now, with the help of (5.10), it is straightforward
to see that the pull-back operation along T 1nζ onto Whρ (5.9) gives
T 1nζ
∗Whρ = T
1
nζ
∗
(
1
n!
AK1...Kndy
K1 ∧ dyK2 ∧ . . . ∧ dyKn
)
= T 1nζ
∗ρ.
3. Assertion (c) directly follows from the proof of (b), the expression (5.9) ofWhρ.
The following theorem describes a close relation of Lepage forms with the calcu-
lus of variations, well-known from the variational theory on fibered manifolds (cf.
Krupka and Saunders [16], and references therein).
Theorem 22. Suppose ρ is a pi1,0-horizontal Lepage form on ImmT 1nQ, and L :
ImmT 1nQ→ R is the Lagrange function associated to ρ. Then in any chart (V, ψ)
on Q
(5.11) p1dρ = EK(L )ω
K ∧ ω0,
where
(5.12) EK(L ) =
∂L
∂yK
− dj
∂L
∂yKj
.
Proof. Suppose ρ has an expression (5.1) with respect to a chart on Q, with coef-
ficients satisfying the Lepage condition (5.5). We compute the exterior derivative
dρ of the Lepage form ρ, and its 1-contact component p1dρ. We have
dρ =
1
(n+ 1)!
(
BL1L2...Ln+1dy
L1 +BjL1L2...Ln+1dy
L1
j
)
∧ dyL2 ∧ . . . ∧ dyLn+1,
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where
BL1L2...Ln+1 =
∂AL2L3...Ln+1
∂yL1
−
∂AL1L3L4...Ln+1
∂yL2
− . . .−
∂AL2L3...LnL1
∂yLn+1
,
BjL1L2...Ln+1 = (n+ 1)
∂AL2L3...Ln+1
∂yL1j
.
By a direct calculation we get
p1dρ =
1
n!
BKL1L2...Lny
L1
i1
yL2i2 . . . y
Ln
in
εi1i2...inωK ∧ ω0
+
1
(n+ 1)!
BjKL1L2...Lny
L1
i1
yL2i2 . . . y
Ln
in
εi1i2...inωKj ∧ ω0(5.13)
−
n
(n+ 1)!
BjL1KL2...Lny
L1
ji1
yL2i2 . . . y
Ln
in
εi1i2...inωK ∧ ω0.
But from the condition (5.5) it follows that the second summand of (5.13) vanishes
hence p1dρ = εKω
K ∧ ω0, where
εK =
1
n!
(
∂AL1L2...Ln
∂yK
−
∂AKL2L3...Ln
∂yL1
− . . .−
∂AL1L2...Ln−1K
∂yLn
)
(5.14)
· yL1i1 y
L2
i2
. . . yLnin ε
i1i2...in −
1
(n− 1)!
∂AKL2...Ln
∂yL1j
yL1ji1y
L2
i2
. . . yLnin ε
i1i2...in .
Now, using the properties of the Lagrange function L associated to ρ, it is easy to
verify that the coefficients of p1dρ, the functions εK (5.14), coincide with EK(L )
given by (5.12).
The (n + 1)-form Eρ = p1dρ (5.11) is called the Euler–Lagrange form associ-
ated with a Lepage form ρ, and its coefficients EK(L ) are the Euler–Lagrange
expressions of the Lagrange function L .
5.2. The variational integral, variations, and the first variation formula.
Let ρ be a pi1,0-horizontal Lepage form on ImmT 1nQ, and hρ = L ω0 the Lagrangian
associated to ρ, where L : ImmT 1nQ→ R is the Lagrange function given by (5.3).
Let ζ : U → Q be an immersion on an open subset U of Rn. Any compact subset
Ω of U associates with ρ the integral
(5.15) ρΩ(ζ) =
∫
Ω
(T 1nζ)
∗ρ =
∫
Ω
(L ◦ T 1nζ)ω0.
Since L is positive homogeneous (Corollary 20), it follows from Theorem 13 that
the integral (5.15) is invariant with respect to reparametrizations; this means that
ρΩ1(ζ) = ρΩ2(ζ ◦ µ)
for any orientation-preserving diffeomorphism µ ofRn and any two compact subsets
Ω1,Ω2 ⊂ U ⊂ R
n such that µ(Ω2) = Ω1. Moreover, by Theorem 21, (b), it follows
that ρ and Whρ (4.6) define the same integral (5.15). Thus, we have
(5.16) ρΩ(ζ) =
∫
Ω
(G1nζ)
∗Whρ,
where G1nζ is the Grassmann prolongation of ζ (see (3.9)).
The real-valued function ζ → ρΩ(ζ), defined on the set of immersions from an
open subset U of Rn into Q, is called the variational functional associated with
ρ and Ω. In the standard sense, we describe the behaviour of ρΩ with respect to
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variations (deformations) of ζ or, more precisely, variations of the image ζ(Ω) ⊂ Q.
Following the geometric foundations of the calculus of variations on fibered spaces
(see Krupka [14]), variations of ζ are induced by means of a vector field.
Let Ξ be a vector field on an open subset W ⊂ Q, and αΞt be its local one-
parameter group. For every immersion ζ : Rn ⊃ U → Q such that ζ(U) ⊂W , αΞt ◦ζ
is a one-parameter family of immersions, which depends smoothly on parameter t,
and it is called a variation of ζ induced by the vector field Ξ. Since Ω is supposed
to be compact, the value of the variational integral ρΩ(α
Ξ
t ◦ ζ) (5.15), (5.16), is
defined for all sufficiently small t, and we get
ρΩ(α
Ξ
t ◦ ζ) =
∫
Ω
(G1n(α
Ξ
t ◦ ζ))
∗Whρ =
∫
Ω
G1nζ
∗G1nα
Ξ
t
∗Whρ,
where the identity (3.11) is applied. Appling the theorem on differentiating an
integral dependent on a parameter, and with the help of the concept of a Lie
derivative of a differential form, we obtain(
d
dt
ρΩ(α
Ξ
t ◦ ζ)
)
0
=
∫
Ω
G1nζ
∗
(
d
dt
G1nα
Ξ
t
∗Whρ
)
0
=
∫
Ω
G1nζ
∗∂G1nΞWhρ.
With the notation given by (5.16), we may denote this number as
(5.17) (∂G1nΞWhρ)Ω(ζ) =
∫
Ω
G1nζ
∗∂G1nΞWhρ.
(5.17) is called the variation of the variational functional ζ → ρΩ(ζ) (5.16) at a point
ζ, induced by the vector field Ξ. The corresponding functional ζ → (∂G1nΞWhρ)Ω(ζ)
is the variational derivative of ρΩ with respect to Ξ.
Theorem 23. Let ρ be a pi1,0-horizontal Lepage form on Imm T 1nQ, and Whρ be
the fundamental Lepage equivalent of the Lagrangian hρ. Let Ξ be a vector field on
an open subset W ⊂ Q. Then the variational derivative ∂G1nΞWhρ of ρΩ satisfies:
(a) For every immersion ζ : Rn ⊃ U → Q such that ζ(U) ⊂W ,
(5.18) G1nζ
∗∂G1nΞWhρ = J
2(idRn × ζ)
∗iJ2ΞEρ + d(G
1
nζ
∗iG1nΞWhρ).
(b) For every compact submanifold Ω of U ⊂ Rn, and every immersion ζ : Rn ⊃
U → Q such that ζ(U) ⊂W ,
(5.19)
∫
Ω
G1nζ
∗∂G1nΞWhρ =
∫
Ω
J2(idRn × ζ)
∗iJ2ΞEρ +
∫
∂Ω
G1nζ
∗iG1nΞWhρ.
Proof. (a) Suppose Ξ is a vector field on W ⊂ Q. Using the Cartan’s formula, we
write the Lie derivative of Whρ with respect to G
1
nΞ as
∂G1nΞWhρ = iG1nΞdWhρ + diG1nΞWhρ.
Since Whρ and ρ are both Lepage equivalents of the Lagrangian hρ, it follows from
Theorem 3 that (pi2,1)∗dWhρ = Eρ+F , where Eρ is the Euler–Lagrange form (5.11),
and F has the order of contactness ≥ 2. For any form η defined on G1nQ, we have
(pi2,1)∗iG1nΞη = iJ2Ξ(pi
2,1)∗η, and J2(idRn × ζ)
∗(pi2,1)∗η = G1nζ
∗η. Hence
(5.20) (pi2,1)∗∂G1nΞWhρ = iJ2Ξ(Eρ + F ) + d((pi
2,1)∗iG1nΞWhρ),
and since the pull-back operation J2(idRn × ζ)
∗ annihilates contact forms, we get
(5.18).
(b) Formula (5.19) follows from (5.18) and application of the Stokes’ theorem.
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An immersion ζ : Rn ⊃ U → Q is called an extremal of the variational functional
ρΩ (5.16), or (5.15), on piece Ω, if for every vector field Ξ such that Ξ vanishes on
the boundary ∂Ω of Ω along ζ, and suppΞ∩ Im ζ ⊂ ζ(Ω), the variational derivative
of ρΩ satisfies
(∂G1nΞWhρ)Ω(ζ) = 0.
This condition means that the values of the variational functional ρΩ remain stable
with respect to compact deformations of the immersed submanifold Im ζ. The
following theorem gives necessary and sufficient conditions for ζ to be an extremal
of the variational functional ρΩ in terms of the Euler–Lagrange form Eρ (5.11).
Theorem 24. Let ρ be a pi1,0-horizontal Lepage form on ImmT 1nQ, and ζ : R
n ⊃
U → Q be an immersion. The following conditions are equivalent:
(a) ζ is an extremal of ρΩ.
(b) The Euler–Lagrange form Eρ satisfies
J2(idRn × ζ)
∗Eρ = 0.
(c) In any chart (V, ψ) on Q, the following system for ζ is satisfied
(5.21) EK(L ) ◦ T
2
nζ = 0, 1 ≤ K ≤ m+ n,
where hρ = L ω0, and the left-hand side of (5.21) is given by (5.12).
Proof. We omit the proof since it follows from Theorem 23, (a), and it is a standard
result of the global variational theory on fibered manifolds.
The system of second-order partial differential equations (5.21) for ζ is called
the Euler–Lagrange equations, associated with the Lepage form ρ.
5.3. Invariant Lepage forms on G1nQ and the Noether’s theorem. Let W
be an open subset of Q, and W˜ 1 = (τ1,0n,G)
−1(W ) ⊂ G1nQ. Let η be an n-form
defined on W˜ 1, and let α :W → Q be a diffeomorphism. We say that η is invariant
with respect to α, if
(5.22) (G1nα)
∗η = η mod Θ˜1W,
whereG1nα is the Grassmann prolongation of α (see (3.10)), and Θ˜
1W is the contact
ideal (Sec. 3). If condition (5.22) is satisfied, α is also said to be an invariance
transformation of η. It is straightforward to apply this definition to vector fields
by means of their one-parameter groups. We say that a vector field Ξ on W is a
generator of invariance transformations of the form η, if the one-parameter group
αΞt of Ξ consists of invariance transformations of η.
Denote by αΞ the global flow of a vector field Ξ. We have the following basic
formula applied to the Grassmann prolongation of a vector field.
Lemma 25. Let η be an n-form on W˜ 1 ⊂ G1nQ, and Ξ be a vector field on W .
Then
(5.23)
d
dt
(G1nα
Ξ
t )
∗η([J10 ζ]) = (G
1
nα
Ξ
t )
∗∂G1nΞη([J
1
0 ζ]),
for every point (t, [J10 ζ]) of the domain of the flow G
1
nα
Ξ.
Proof. Formula (5.23) is obtained by a straightforward differentiating of the curve
t→ (G1nα
Ξ
t )
∗η([J10 ζ]) at an arbitrary point (t, [J
1
0 ζ]) of the domain of G
1
nα
Ξ.
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The following result extends the classical Noether’s equation to the Grassmann
fibrations.
Theorem 26. Let η be an n-form on W˜ 1 ⊂ G1nQ, and Ξ be a vector field on W .
The following two conditions are equivalent:
(a) Ξ is the generator of invariance transformations of η.
(b) The Lie derivative of η with respect to vector field G1nΞ satisfies
∂G1nΞη = 0 mod Θ˜
1W.
Proof. The proof is a straightforward extension of an analogous result; see Urban
and Krupka [22].
Corollary 27. Let ρ be a pi1,0-horizontal Lepage form on ImmT 1nQ, and Whρ be
the fundamental Lepage equivalent of the Lagrangian hρ. Let Ξ be the generator of
invariance transformations of Whρ. Then
(5.24) iJ2nΞEρ + d((pi
2,1)∗iG1nΞWhρ) = 0 modΘ
2W,
where Θ2W is the ideal of forms, locally generated by contact 1-forms ωK = dyK −
yKl dx
l, and ωKj = dy
K
j − y
K
jl dx
l, on a chart neighborhood of J2(Rn ×Q).
Proof. Using Theorem 26, formula (5.24) is a restatement of the first variation
formula (5.20) for invariant Lepage forms.
Let ζ : Rn ⊃ U → W ⊂ Q be an immersion. A real-valued function φ : G1nQ ⊃
W˜ 1 → R is called a level set function for the immersion ζ, if d(φ◦G1nζ) = 0. Now we
follow the geometric ideas of the theory of higher-order variational functionals on
fibered manifolds (see Krupka [13]), and we extend the classical Noether’s theorem
to Grassmann fibrations.
Theorem 28. Let ρ be a pi1,0-horizontal Lepage form on Imm T 1nQ, and Whρ be
the fundamental Lepage equivalent of the Lagrangian hρ. Suppose an immersion
ζ : Rn ⊃ U → Q be an extremal of the variational functional ρΩ (5.16). Then for
every generator Ξ of invariance transformations of Whρ,
(5.25) d(G1nζ
∗iG1nΞWhρ) = 0.
Proof. (5.25) follows from the first variation formula (5.24) for invariant Lepage
forms.
6. Example: Variational functional for minimal submanifolds
Suppose Q is a smooth manifold of dimension n+m, endowed with a Riemannian
metric g, and let ζ : X → Q be an immersion defined on an n-dimensional smooth
manifold X . Let (U,ϕ), ϕ = (xj), be a chart on X , and (V, ψ), ψ = (yK), be a
chart on Q such that ζ(U) ⊂ V . If g has the expression g = gKLdy
K ⊗ dyL, then
the induced Riemannian metric ζ∗g on X is expressed by the formula
ζ∗g = (gKL ◦ ζ)
∂(yK ◦ ζ)
∂xj
∂(yL ◦ ζ)
∂xk
dxj ⊗ dxk,
and the induced Riemannian volume element on X reads
ωζ,g =
√
det
(
(gKL ◦ ζ)
∂(yK ◦ ζ)
∂xj
∂(yL ◦ ζ)
∂xk
)
dx1 ∧ dx2 ∧ . . . ∧ dxn.
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Consider now X = Rn with the global canonical coordinates xj , 1 ≤ j ≤ n. The
Lagrangian for the problem of n-dimensional minimal submanifolds λ = L ω0, is
defined by the positive-homogeneous function L : ImmT 1nQ→ R,
(6.1) L (yK , yKj ) =
√
det(gKLyKj y
L
k ).
Assigning to λ the fundamental Lepage equivalent Wλ (4.6), we have the corre-
sponding variational functional (see (5.16)) for immersions ζ of Rn into Q, associ-
ated with a compact subset Ω of Rn,
(6.2) ζ → ρΩ(ζ) =
∫
Ω
(G1nζ)
∗Wλ.
In [14], Krupka proposed the n-form ω, given in a chart (V, ψ) by
(6.3) ωλ =
1
n!
1
L
gK1L1gK2L2 . . . gKnLnD
L1L2...LndyK1 ∧ dyK2 ∧ . . . ∧ dyKn ,
where DL1L2...Ln = det(y
Lj
k ), 1 ≤ j, k ≤ n, which can be regarded as a Lagrangian
for the problem of minimal submanifolds, and satisfies the condition T 1nζ
∗ωλ = ωζ,g.
Note that ωλ is a Lepage form on Imm T
1
nQ, as introduced in Section 5.1.
Theorem 29. Let λ ∈ Ω1n,Rn(R
n × Q), λ = Lω0, be the Lagrangian of order 1,
given by (6.1). Then the Lepage equivalents of λ, Wλ (4.6), Λλ (4.9), and ωλ (6.3)
coincide, and are defined on the Grassmann fibration G1nQ.
Proof. 1. We show that Λλ = ωλ. Write
L
2 = det(gKLy
K
j y
L
k ) = gQ1L1gQ2L2 . . . gQnLny
Q1
1 y
Q2
2 . . . y
Qn
n D
L1L2...Ln ,(6.4)
and for any p, 1 ≤ p ≤ n, we get
∂L
∂yKp
=
1
L
gQ1L1 . . . gQp−1Lp−1gKLpgQp+1Lp+1 . . . gQnLn(6.5)
· yQ11 . . . y
Qp−1
p−1 y
Qp+1
p+1 . . . y
Qn
n D
L1L2...Ln .
A straightforward application of (6.5) now implies the expression
∂L
∂yK11
∂L
∂yK22
. . .
∂L
∂yKnn
=
1
L n
gK1L11gK2L22 . . . gKnLnnD
L11L
1
2...L
1
nDL
2
1L
2
2...L
2
n . . .DL
n
1L
n
2 ...L
n
n(6.6)
· gQ12L12 . . . gQ1nL1ngQ21L21gQ23L23 . . . gQ2nL2n . . . . . . gQ
n
1L
n
1
gQn2Ln2 . . . gQnn−1Lnn−1
· y
Q12
2 . . . y
Q1n
n y
Q21
1 y
Q23
3 . . . y
Q2n
n . . . . . . y
Qn1
1 y
Qn2
2 . . . y
Qnn−1
n−1 .
However, from the symmetry and skew-symmetry properties of the expression (6.6),
we are allowed to replace the term DL
1
1L
1
2...L
1
nDL
2
1L
2
2...L
2
n . . .DL
n
1L
n
2 ...L
n
n by the prod-
uct of determinants
(6.7)
1
n!
∏
τ
DL
τ(1)
1 L
τ(2)
2 ...L
τ(n)
n ,
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where τ runs through the cyclic permutations (1, 2, . . . , n), (n, 1, 2, . . . , n− 1), . . .,
(2, 3, . . . , n, 1). Using (6.4), (6.7), we now get
Λλ =
1
L n−1
∂L
∂yK11
∂L
∂yK22
. . .
∂L
∂yKnn
dyK1 ∧ dyK2 ∧ . . . ∧ dyKn
=
1
n
1
L 2n−1
gK1L11gK2L22 . . . gKnLnnD
L11L
2
2...L
n
n
·
(
gQn1Ln1 gQ12L12gQ23L23 . . . gQn−1n Ln−1n y
Qn1
1 y
Q12
2 . . . y
Qn−1n
n D
Ln1L
1
2L
2
3...L
n−1
n
)
. . . ·
(
gQ21L21gQ32L32 . . . gQ
n
n−1L
n
n−1
gQ1nL1ny
Qn1
1 y
Q12
2 . . . y
Qn−1n
n D
L21L
3
2...L
n
n−1L
1
n
)
dyK1 ∧ dyK2 ∧ . . . ∧ dyKn
=
1
n!
(L 2)n−1
L 2n−1
gK1L11gK2L22 . . . gKnLnnD
L11L
2
2...L
n
ndyK1 ∧ dyK2 ∧ . . . ∧ dyKn
= ωλ.
2. To show that Wλ = ωλ, we proceed by a straightforward differentiating of L
with respect to the variables y
Kj
j , 1 ≤ j ≤ n, with the help of (6.5), (6.7), and the
formula
∂DL1L2...Ln
∂yMp
= δp1
∣∣∣∣∣∣∣∣∣
δL1M δ
L2
M . . . δ
Ln
M
yL12 y
L2
2 . . . y
Ln
2
...
...
...
yL1n y
L2
n . . . y
Ln
n
∣∣∣∣∣∣∣∣∣
+ . . .+ δpn
∣∣∣∣∣∣∣∣∣
yL11 y
L2
1 . . . y
Ln
1
yL12 y
L2
2 . . . y
Ln
2
...
...
...
δL1M δ
L2
M . . . δ
Ln
M
∣∣∣∣∣∣∣∣∣
.
Hence we obtain
∂nL
∂yK11 ∂y
K2
2 . . . ∂y
Kn
n
=
1
L
gK1L1gK2L2...gKnLnD
L1L2...Ln ,
as required.
Remark 30. A relationship between the Hilbert-Carathéodory form Λλ and the
fundamental Lepage equivalent Wλ of the corresponding positive-homogeneous La-
grangian λ was also studied by Crampin and Saunders [5] for trivial Lagrangians;
it is proved that a Lagrange function of the form L = det(djf
k) , where fk,
1 ≤ k ≤ n, are some functions on Q, has the property that the forms Λλ andWλ co-
incide. Theorem 29 shows, however, a different example of a positive-homogeneous
Lagrangian with this property, the minimal submanifolds Lagrangian.
By Theorem 24, (5.21), the equations for extremals, associated with the Lagrange
function L (6.1), read
(6.8) EK(L ) ◦ T
2
nζ = 0, 1 ≤ K ≤ m+ n,
where
EK(L ) =
n
2
1
L
∂gQ1L1
∂yK
gQ2L2 . . . gQnLny
Q1
1 y
Q2
2 . . . y
Qn
n D
L1L2...Ln
−
n∑
j=1
dj
( 1
L
gQ1L1 . . . gQj−1Lj−1gKLjgQj+1Lj+1 . . . gQnLn
· yQ11 . . . y
Qj−1
j−1 y
Qj+1
j+1 . . . y
Qn
n D
L1L2...Ln
)
.
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(6.8) is the minimal submanifolds equation.
We conclude this section with an application of the Noether’s theorem (Theorem
28) to the problem of 2-dimensional immersed minimal submanifolds of a Euclidean
space.
Consider the Euclidean space Q = Rm+2 with its canonical smooth manifold
structure. Let Ξ be a vector field on Rm+2, and G12Ξ be its first-order Grassmann
prolongation, expressed in the (i) = (i1, i2)-subordinate chart (V˜
1(i)
n , χ˜
1(i)
n ), χ˜
1(i)
n =
(wi1 , wi2 , wµ, wµi1 , w
µ
i2
), on G12R
m+2 by
Ξ = Ξi1
∂
∂wi1
+ Ξi2
∂
∂wi2
+ Ξµ
∂
∂wµ
,
G12Ξ = Ξ
i1
∂
∂wi1
+ Ξi2
∂
∂wi2
+ Ξµ
∂
∂wµ
+ Ξµi1
∂
∂wµi1
+ Ξµi2
∂
∂wµi2
,
where Ξµp , p = i1, i2, has the expression (cf. Lemma (11))
Ξµp =
∂Ξµ
∂wp
+ wνp
∂Ξµ
∂wν
− wµi1
∂Ξi1
∂wp
− wµi2
∂Ξi2
∂wp
− wµi1w
ν
p
∂Ξi1
∂wν
− wµi2w
ν
p
∂Ξi2
∂wν
(no summation through i1, i2). A straightforward computation of the Lie derivative
of the Lepage equivalent Wλ = ωλ with respect to G
1
2Ξ leads to the Noether’s
equation ∂G12Ξωλ = 0 mod Θ˜
1 for unknowns Ξ, which has the form
(6.9) ∂G12ΞL˜G + L˜G
(
∂Ξi1
∂wi1
+
∂Ξi1
∂wν
wνi1 +
∂Ξi2
∂wi2
+
∂Ξi2
∂wν
wνi2
)
= 0,
where ∂G12ΞL˜G denotes the Lie derivative of function L˜G : G
1
2R
m+2 → R with
respect to G12Ξ, and L˜G is uniquely defined Grassmann projection of the Lagrange
function L (6.1), L = (wi11 w
i2
2 − w
i2
1 w
i1
2 ) · L˜G (see (4.4)).
Moreover, if Q = Rm+2 is considered with the Euclidean metric g = (δKL), it
is easy to show that a vector field ξ with constant coefficients is a general solution
of equation (6.9). Hence, we obtain (m+ 2)-dimensional Lie algebra of generators
of invariance transformations of the Lepage equivalent ωλ, generated by the vector
fields ξ1 = ∂/∂w
i1 , ξ2 = ∂/∂w
i2 , ξµ = ∂/∂w
µ. Contracting the Lepage form ωλ by
the generators of invariance transformations, we obtain the Noether currents (first
integrals), locally expressed by
iξ1ωλ =
1
L˜G
(∑
µ
wµi2dw
µ + dwi2
)
, iξ2ωλ = −
1
L˜G
(∑
µ
wµi1dw
µ + dwi1
)
,
iξµωλ =
1
L˜G
(∑
σ
(
wµi1w
σ
i2 − w
σ
i1w
µ
i2
)
dwσ − wµi2dw
i1 + wµi1dw
i2
)
,
(6.10)
where
L˜G =
√ ∑
σ1<σ2
(
wσ1i1 w
σ2
i2
− wσ2i1 w
σ1
i2
)2
+
∑
σ
(
(wσi1 )
2 + (wσi2 )
2
)
+ 1.
By Theorem 28, linear forms (6.10) are closed hence also exact along every extremal
ζ : R2 ⊃ U → Rm+2 of the variational functional (6.2). This result extends the
concept of a Noether current as a level-set function for extremals, known in the
classical mechanics (cf. Urban and Krupka [22, 23]).
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Finally, we consider 2-dimensional nonparametric minimal surfaces of R3. Write
y1 = x, y2 = y, y3 = z, the canonical global coordinates of R3, and y1j = xj , y
2
j =
yj, y
3
j = zj, j = 1, 2, the associated coordinates of T
1
2R
3. Consider a subordinate
chart (V˜
1,(i)
2 , χ˜
1,(i)
2 ) on G
1
2R
3 = ImmT 12R
3/GL2(R), where, for instance, (i1, i2) =
(1, 2), and χ˜
1,(i)
2 = (w
1, w2, w3, w31 , w
3
2), where w
1 = x, w2 = y, w3 = z, and
w31 =
y2z1 − y1z2
x1y2 − x2y1
, w32 =
x1z2 − x2z1
x1y2 − x2y1
(cf. Section 3, (3.5)). It is now easy to verify that for Q = R3 with the Euclidean
metric δKL, the Euler–Lagrange equations (6.8) for graph of a surface ζ : R
2 ⊃ U →
R
3, ζ(x, y) = (x, y, u(x, y)), are equivalent to the well-known single second-order
differential equation for an unknown function u : R2 ⊃ U → R,
(6.11) (1 + u2y)uxx − 2uxuyuxy + (1 + u
2
x)uyy = 0,
cf. Dierkes, Hildebrandt, and Sauvigny [7].
Contracting the Lepage form ωλ by the generators of invariance transformations
∂/∂x, ∂/∂y, ∂/∂z, we get the Noether currents (6.10) hence the conservation law
equations of the form
(x1y2 − x2y1)dy − (z1x2 − z2x1)dz√
(y1z2 − y2z1)
2
+ (z1x2 − z2x1)
2
+ (x1y2 − x2y1)
2
= df(x, y),
(y1z2 − y2z1)dz − (x1y2 − x2y1)dx√
(y1z2 − y2z1)
2
+ (z1x2 − z2x1)
2
+ (x1y2 − x2y1)
2
= dg(x, y),(6.12)
(z1x2 − z2x1)dx − (y1z2 − y2z1)dy√
(y1z2 − y2z1)
2 + (z1x2 − z2x1)
2 + (x1y2 − x2y1)
2
= dh(x, y),
where f , g, h, are arbitrary functions on U ⊂ R2. The Noether theorem 28 says
that every minimal surface ζ of R3 is a solution of (6.12). Conversely, we claim
that every solution ζ : R2 ⊃ U → R3, ζ(x, y) = (x, y, u(x, y)), of the conservation
law equations (6.12) is a minimal surface of R3 hence an extremal of the variational
functional (6.2). Indeed, using the coordinate expressions ofG12ζ : R
2 ⊃ U → G12R
3
(3.9), equations (6.12) form a Pfaffian system
uxuydx +
(
1 + (uy)
2
)
dy√
(ux)
2 + (uy)
2 + 1
= df,
−
(
1 + (ux)
2
)
dx− uxuydy√
(ux)
2 + (uy)
2 + 1
= dg,(6.13)
and
−uydx + uxdy√
(ux)
2
+ (uy)
2
+ 1
= dh.
These conditions imply that uxdf(x, y) + uydg(x, y) = dh(x, y) or, equivalently,
(6.14) ux
∂f
∂x
+ uy
∂g
∂x
−
∂h
∂x
= 0, ux
∂f
∂y
+ uy
∂g
∂y
−
∂h
∂y
= 0.
Differentiating the first equation of (6.14) with respect to y, the latter one with
respect to x, and subtracting we get
uxx
∂f
∂y
− uxy
(
∂f
∂x
−
∂g
∂y
)
− uyy
∂g
∂x
= 0.
THE FUNDAMENTAL LEPAGE FORM IN VARIATIONAL THEORY 26
Substituting now into this equation the partial derivatives of f and g, determined
by (6.13), we conclude that u = u(x, y) is a solution of the minimal surface equation
(6.11).
Remark 31. Equivalence of the Euler–Lagrange equations for extremals on one side,
and a system of conservation law equations on the other side, is not understood in
general yet. Our results for the minimal submanifolds problem extend particular
examples from geometric mechanics which illustrate this phenomena, see Urban
and Krupka [22, 23].
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